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We evaluate the two-photon exchange correction to the unpolarized cross section in the elastic
muon-proton scattering within dispersion relations. One of the six independent invariant amplitudes
requires a subtraction. We fix the subtraction function to the model estimate of the full two-photon
exchange at one of three MUSE beam energies and make a prediction for the two other energies.
Additionally, we present single and double polarization observables accounting for the lepton mass.
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I. INTRODUCTION
The forthcoming muon-proton scattering experiment
(MUSE) [1, 2] aims to shed a new light on the ”proton
radius puzzle”, the discrepancy in the extracted proton
charge radius from the hydrogen spectroscopy [3] and
electron-proton scattering [4, 5] versus extractions from
the Lamb shift in muonic hydrogen [6, 7]. MUSE is
going to complement this picture by providing the first
measurement of the charge radius from the elastic muon-
proton scattering. 1
MUSE will scatter electrons, positrons, muons and an-
timuons on the proton target and aims to determine cross
sections, two-photon effects, form factors, and radii inde-
pendently in ep and µp scattering [2]. To achieve the re-
quired sub-percent accuracy, all radiative corrections at
the 1-loop level, at least, should be carefully accounted
for.
The standard electron-proton scattering QED 1-loop
radiative corrections are described and collected in Refs.
[11–14]. The numerical estimate of QED radiative cor-
rections in the soft-photon approximation was recently
performed in Ref. [15]. In Ref. [16], it was shown that
the commonly used peaking approximation for the lepton-
proton bremsstrahlung is not applicable for muon-proton
scattering at low energies of MUSE. Besides exactly cal-
culable QED corrections, the precision of modern experi-
ments requires an accurate knowledge of the contribution
from graphs with two exchanged photons (TPE) between
the lepton and proton lines beyond the approximation
where one of photons is soft, which is an active research
field over the last decades [17–52]. MUSE is also going
to test TPE effects at the sub-percent level by measuring
scattering of particles and antiparticles.
The leading proton intermediate state TPE contribu-
tion was estimated within the hadronic model [18] in the
kinematics of the MUSE experiment in Ref. [53]. The
contribution from all inelastic excitations in the near-
forward approximation was found [31] to be an order of
magnitude smaller than the elastic contribution, which is
expected at energies of MUSE below the pion-production
threshold. Subsequent evaluations of the σ-meson ex-
change correction [54, 55] as well as of the ∆-resonance
TPE contribution [55] within the hadronic model of Refs.
[56–60] confirmed the dominance of the elastic channel.
1 Note that the COMPASS collaboration is planning to probe the
elastic muon-proton scattering at low momentum transfer and
high energy [8]. Alternatively, the muon-proton interaction is
going to be tested in measurements of the ratio of the muon-
and electron-pair production to electron-pair production cross
sections at MAMI [9, 10].
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2As it was shown in elastic electron-proton scattering
[24, 29, 34, 35], hadronic model calculations [18, 56–60]
violate the unitarity in case of derivative photon-hadron
couplings and can lead to an unphysical high-energy be-
havior of TPE corrections. Consequently, the dispersion
relation approach [23, 29, 33–35, 61–64] is a favourable
way to treat TPE corrections as a sum of different inter-
mediate channels.
In this work, we introduce the dispersion relation
framework to evaluate TPE corrections in the elastic
muon-proton scattering. To write down dispersion rela-
tions, we study unitarity constraints on the high-energy
behavior of TPE amplitudes. In particular, the helicity-
flip amplitude F4, which is suppressed by the lepton mass
and is therefore irrelevant for electron-proton scattering
observables, does not vanish at infinite energy. Conse-
quently, we need to subtract the dispersion relation for
F4, which is the only amplitude affected by the sub-
traction function in the forward doubly virtual Compton
scattering [30]. Moreover, a model estimate of this am-
plitude within unsubtracted dispersion relations does not
satisfy the low-Q2 limit of TPE contributions. As a first
step in our subtracted DR framework, we account for the
elastic intermediate state TPE and fix the subtraction
function to the evaluation of the total TPE correction in
the near-forward approximation of Ref. [31].
The paper is organized as follows: We describe kine-
matics and observables in the elastic lepton-proton scat-
tering and discuss TPE corrections in Section II. In Sec-
tion III, we present a dispersion relation formalism to
evaluate the real parts of TPE amplitudes for the case of
massive lepton-proton scattering. The imaginary parts
of TPE amplitudes are calculated by unitarity relations
in Section III A. Real parts of four among six indepen-
dent invariant amplitudes are reconstructed within un-
subtracted dispersion relations in Section III B. The dis-
persion relation prediction for the cross-section correction
requires one subtraction function. We describe how to fix
it to the known TPE correction at some lepton energy in
Section III C. We present results of the subtracted dis-
persion relation analysis taking the subtraction function
from Ref. [31] in Section IV. We give our conclusions
and outlook in Section V. The photon-polarization den-
sity matrix is described in Appendix A. The derivation
of forward and high-energy limits for TPE amplitudes
is described in Appendices B and C respectively. A de-
tailed comparison of dispersion relations to the hadronic
model calculation for the proton intermediate state TPE
contribution is given in Appendix D.
II. ELASTIC MUON-PROTON SCATTERING
AND TWO-PHOTON EXCHANGE
In this Section, we describe the elastic lepton-proton
scattering and two-photon exchange corrections to this
process. We first discuss the kinematics with an empha-
sis on the forthcoming MUSE experiment. Afterward,
we present the formalism of invariant amplitudes in the
assumption of discrete symmetries of QED and QCD and
discuss their general properties. We provide compact
expressions for the unpolarized cross section and polar-
ization transfer observables in the one-photon exchange
approximation and for the leading two-photon exchange
contributions to them.
A. Kinematics in elastic muon-proton scattering
Elastic muon-proton scattering µ(k, h) + p(p, λ) →
µ(k′, h′)+p(p′, λ′), where h(h′) denote the incoming (out-
going) muon helicities and λ(λ′) the corresponding pro-
ton helicities respectively (see Fig. 1), is completely de-
scribed by 2 Mandelstam variables, e.g., Q2 = −(k−k′)2
- the squared momentum transfer, and s = (p + k)2 -
the squared energy in the lepton-proton center-of-mass
(c.m.) reference frame.
FIG. 1: Elastic lepton-proton scattering.
The squared momentum transfer is expressed in terms
of the lepton scattering angle θcm in the c.m. reference
frame by
Q2 = −(k − k′)2 = Σs
2s
(1− cos θcm), (1)
with the kinematical triangle function Σs:
Σs ≡ Σ(s,M2,m2) = (s− (M +m)2)(s− (M −m)2),(2)
where M(m) denotes the proton (muon) mass respec-
tively.
In terms of the laboratory frame momenta p =
(M, 0), k = (ω,k), k′ = (ω′,k′), p′ = (E′p,k − k′), the
invariant variables are expressed as
Q2 = 2M(ω − ω′), (3)
s = M2 + 2Mω +m2, (4)
Σs = 4M
2k2. (5)
The momentum transfer can be also determined from the
laboratory frame scattering angle θlab as
Q2 =
M + ω sin2 θlab −
√
M2 −m2 sin2 θlab cos θlab
(ω +M)2 − k2 cos2 θlab
× 2Mk2, (6)
3with the relation between the final lepton energy ω′ and
scattering angle θlab:
cos θlab =
ωω′ −m2 −M(ω − ω′)
|k||k′| . (7)
The kinematically allowed momentum transfer region
is defined by
0 < Q2 <
Σs
s
. (8)
In theoretical applications, it is convenient to introduce
the crossing-symmetric variable ν:
ν =
s− u
4
= (K · P ) = Mω + ω
′
2
= Mω − Q
2
4
, (9)
with the u-channel squared energy u = (k− p′)2 and the
averaged momentum variables:
P =
p+ p′
2
, K =
k + k′
2
. (10)
The crossing-symmetric variable ν changes sign with s↔
u channel crossing.
In experiment, instead of the Mandelstam invariant s
or the crossing symmetric variable ν, one can use the vir-
tual photon polarization parameter ε. Keeping the phys-
ical meaning of ε/τP as a relative flux of virtual photons
with longitudinal polarization in case of the one-photon
exchange in any frame with collinear initial and final pro-
ton momenta, e.g., the laboratory or c.m. frame, we ex-
press it in terms of invariants as
ε =
ν2 −M4τP (1 + τP )
ν2 +M4τP (1 + τP )(1− 2ε0) , (11)
with τP = Q
2/(4M2) and ε0 = 2m
2/Q2, which can
equivalently be expressed as ε0 = 1/(2τl) with τl =
Q2/(4m2). We discuss details of the photon-polarization
density matrix in Appendix A. The photon polarization
parameter ε varies between ε0 < 1 and 1 for the fixed mo-
mentum transfer Q2 > 2m2 and between 1 and ε0 > 1
for the fixed momentum transfer Q2 < 2m2. The high-
energy limit corresponds to ε = 1. The value of the
critical momentum transfer Q2 = 2m2, corresponding
with ε = 1 for all possible beam energies, is given by
Q2 ' 0.022 GeV2 for muon beams. This value is inside
the MUSE kinematical region for all three nominal beam
momenta.
The introduced parameter ε differs from the degree of
linear polarization of transverse photons εT:
εT =
ν2 −M4τP (1 + τP )(1 + 2ε0)
ν2 +M4τP (1 + τP )(1− 2ε0) , (12)
with 0 ≤ εT < 1, where εT = 0 corresponds to the
forward kinematics and εT = 1 describes the backward
scattering. The difference between the two polarization
parameters is suppressed by the lepton mass:
ε− εT = ε0 (1− εT) . (13)
B. Helicity amplitudes formalism
For the l−p→ l−p process, there are 16 possible helic-
ity amplitudes Th′λ′,hλ with positive or negative helicities
h, h′, λ, λ′ = ±, see Fig. 1. We work with helicity am-
plitudes in the c.m. reference frame. The discrete sym-
metries of QCD and QED, i.e., parity and time-reversal
invariance, leave just six independent amplitudes:
T1 ≡ T++,++, T2 ≡ T+−,++, T3 ≡ T+−,+−,
T4 ≡ T−+,++, T5 ≡ T−−,++, T6 ≡ T−+,+−. (14)
Consequently, the l−p elastic scattering is completely
described by six generalized form factors (or invariant
amplitudes) that are complex functions of two indepen-
dent kinematical variables. The lepton massless limit is
described by a part without the flip of lepton helicity
T non−fliph′λ′,hλ [17]. To describe the muon-proton scattering,
we have to add the part with lepton helicity flip T fliph′λ′,hλ,
which is proportional to the mass of the lepton [19, 65].
The resulting amplitude is given by the sum of these two
contributions:
Th′λ′,hλ = T
non−flip
h′λ′,hλ + T
flip
h′λ′,hλ, (15)
T non−fliph′λ′,hλ =
e2
Q2
u¯(k′, h′)γµu(k, h) · N¯(p′, λ′)
(
GMγµ −F2P
µ
M
+ F3 γ.KP
µ
M2
)
N(p, λ), (16)
T fliph′λ′,hλ =
e2
Q2
m
M
u¯(k′, h′)u(k, h) · N¯(p′, λ′)
(
F4 + γ.K
M
F5
)
N(p, λ) +
e2
Q2
m
M
u¯(k′, h′)γ5u(k, h) · N¯(p′, λ′)F6γ5N(p, λ),
(17)
where the T matrix is defined as S = 1 + i T and γ.a ≡ γµaµ. The helicity amplitudes can be expressed in terms
4of the generalized form factors (FFs). Exploiting the
Jacob and Wick [66] phase convention for spinors, the
helicity amplitudes Th′λ′,hλ in the c.m. reference frame
are expressed in terms of the generalized FFs as [53]
Σsξ
2T1
e2
= 2(
ΣsQ
2
Σs − sQ2 + s−M
2 −m2)GM − 2(s−M2 −m2)F2 + (s−M
2 −m2)2
M2
F3 + 4m2F4
+2m2
s−M2 −m2
M2
F5,
MΣsξ
T2
e2
= 2M2(s−M2 +m2)GM − ((s−m2)2 −M4)F2 + ((s−M2)2 −m4)F3 + 2(s+M2 −m2)m2F4
+2(s−M2 +m2)m2F5,
Σsξ
2T3
e2
= 2(s−M2 −m2)(GM −F2) + (s−M
2 −m2)2
M2
F3 + 4m2F4 + 2m
2(s−M2 −m2)
M2
F5,
Σs
m
ξ
T4
e2
= −2(s+M2 −m2)(GM −F2)− ((s−m
2)2 −M4)
M2
F3 − 2(s−M2 +m2)F4 − ((s−M
2)2 −m4)
M2
F5,
MΣs
m
T5
e2
= −4M2sGM + (s+M2 −m2)2F2 − (s2 − (M2 −m2)2)(F3 + F4)− ΣsF6 − (s−M2 +m2)2F5,
MΣs
m
T6
e2
= 4M2sGM − (s+M2 −m2)2F2 + (s2 − (M2 −m2)2)(F3 + F4)− ΣsF6 + (s−M2 +m2)2F5, (18)
with the kinematical factor ξ:
ξ =
√
Q2
Σs − sQ2 . (19)
We consider the azimuthal angle of the scattered lepton
to be φ = 0. Notice that following the Jacob-Wick phase
convention [66], the azimuthal angular dependence of the
helicity amplitudes is in general given by Th′λ′,hλ(θ, φ) =
ei(Λ−Λ
′)φTh′λ′,hλ(θ, 0), with Λ = h− λ and Λ′ = h′ − λ′.
The relations of Eqs. (18) can be inverted to yield the
generalized FFs in terms of the helicity amplitudes as
e2GM = 1
2
(T1 − T3),
Σse
2F2 = −2m2M2T1 −M
((
s−M2)2 −m4) ξT2 + 2mM2 (s−M2 +m2) ξT4 −mM (s−m2 −M2) (T5 − T6)
− M2η(m)T3,
Σs
M2
e2F3 = −(s−M2 −m2)T1 − 2M
(
s−M2 +m2) ξT2 + 2m (s+M2 −m2) ξT4 − 2mM(T5 − T6)
+
(
ρ3 −M2 −m2
)
T3,
Σs
M
e2F4 = −M
(
s−M2 −m2)T1 − ((s−m2)2 −M4) ξT2 + M
((
s−M2)2 −m4)
m
ξT4 −
(
s−M2 −m2)2
2m
(T5 − T6)
+ M
(
ρ3 −M2 −m2
)
T3,
Σs
M2
e2F5 = 2M2T1 + 2M
(
s+M2 −m2) ξT2 + η(M)T3 − (s−m2)2 −M4
m
ξT4 +
M
(
s−M2 −m2)
m
(T5 − T6),
e2F6 = −M
2m
(T5 + T6), (20)
with
η(m) =
2m2
(
Σs + sQ
2
)
+ ΣsQ
2
sQ2 − Σs , (21)
ρ3 =
sΣs −
(
M2 −m2)2Q2
Σs − sQ2 . (22)
In theoretical applications, it is convenient to define
also the amplitudes G1, G2, G3 and G4 through the com-
5binations:
G1 = GM + ν
M2
F3 + m
2
M2
F5, (23)
G2 = GM − (1 + τP )F2 + ν
M2
F3, (24)
G3 = ν
M2
F3 + m
2
M2
F5 = G1 − GM , (25)
G4 = F4 + ν
M2(1 + τP )
F5. (26)
On the one hand, the contributions to the six invariant
amplitudes beyond the exchange of one photon satisfy
the following model-independent relations in the forward
limit, Q2 → 0 at fixed ν:
G1
(
ν,Q2 = 0
)
= 0, (27)
G2
(
ν,Q2 = 0
)
= 0, (28)
G4
(
ν,Q2 = 0
)
= 0, (29)
(F3 + F6)
(
ν,Q2 = 0
)
= F4
(
ν,Q2 = 0
)
. (30)
We obtain these relations in Appendix B analyzing the
forward limit of the expressions for the helicity ampli-
tudes in terms of invariant amplitudes, see Eqs. (18).
Consequently, only two among the six non-forward TPE
amplitudes are independent in the forward limit.
The leading model-independent terms in the momen-
tum transfer expansion (Q2  m2) of the two-photon
exchange amplitudes G2γ1 , G2γ2 , G2γ4 correspond to the
scattering of two point charges and can be expressed as
<G2γ1 →
αpiωQ
2k2
(
1 +
m
2M
)
, (31)
<G2γ2 →
αpiωQ
4k2
(
1 +
2m
M
)
, (32)
<G2γ4 → −
αpiMQ
4k2
(
1 +
m
M
+
ω2
Mm
)
. (33)
On the other hand, unitarity provides constraints on
the high-energy behavior, ν → ∞ at a fixed value of Q2
(Regge limit), of the invariant amplitudes:
GM , νF2, νF3, F4, F5, F6,
G1, G2, G3, G4/ν
(
ν →∞, Q2) . ln2 ν, (34)
which are obtained in Appendix C.
Performing the crossing ν → −ν in the lepton (proton)
line and rewriting the lepton (proton) spinors in terms of
the anti-lepton (anti-proton) spinors [67], we obtain the
symmetry properties for the contributions of graphs with
n exchanged photons to invariant amplitudes Gnγ :
Gnγ1,2,3,M (ν,Q2) = (−1)n+1Gnγ1,2,3,M (−ν,Q2), (35)
Fnγ2,5(ν,Q2) = (−1)n+1Fnγ2,5(−ν,Q2), (36)
Fnγ3,4,6(ν,Q2) = (−1)nFnγ3,4,6(−ν,Q2), (37)
Gnγ4 (ν,Q2) = (−1)nGnγ4 (−ν,Q2). (38)
C. One-photon exchange approximation
In the one-photon exchange (OPE) approximation, the
two non-zero invariant amplitudes in l−p elastic scatter-
ing GM and F2 can be expressed in terms of the Dirac
FD and Pauli FP FFs with the following expression for
the helicity amplitude T 1γh′λ′,hλ [68]:
T 1γh′λ′,hλ =
e2
Q2
u¯(k′, h′)γµu(k, h)
×N¯(p′, λ′)
(
γµFD(Q
2) +
iσµνqν
2M
FP (Q
2)
)
N(p, λ),
(39)
that is just a product of lepton and proton currents. See
Fig. 2 for notations.
FIG. 2: Elastic lepton-proton scattering in the OPE approx-
imation.
It is customary in experimental analysis to work with
Sachs magnetic GM and electric GE FFs:
GM = FD + FP , GE = FD − τPFP , (40)
where τP is defined after Eq. (11). For non-relativistic
systems, such as atomic nuclei, the Sachs electromagnetic
proton FFs have the physical interpretation as Fourier
transforms of the density of the electric charge and mag-
netization [69]. For relativistic systems, an analogous in-
terpretation is valid only in the infinite-momentum frame
[69]. In the OPE approximation, the invariant ampli-
tudes defined in Eqs. (16) and (17) can be expressed
in terms of the proton FFs as G1γM = GM (Q2), F1γ2 =
FP (Q
2), F1γ3 = F1γ4 = F1γ5 = F1γ6 = 0. The exchange
of more than one photon gives corrections of order O(α),
with α = e2/(4pi) ' 1/137, to all these amplitudes.
Averaging over the spin states of incoming particles
and performing the sum over polarizations of outgoing
particles, the unpolarized differential cross section in the
OPE approximation in the laboratory frame is given by
(
dσ1γ
dΩ
)
lab
=
1
256pi2M
|k′|
|k|
∑
spin
|T 1γ |2
M + ω − ω′ |k||k′| cos θlab
,(41)
6with the lepton solid angle Ω. We obtain in the labora-
tory frame:(
dσ1γ
dΩ
)
lab
=
α2
2M
|k′|
|k|
1
1− εT
G2M +
ε
τP
G2E
M + ω − ω′ |k||k′| cos θlab
,(42)
an analogue of the Rosenbluth expression [14, 53, 70] in
agreement with Ref. [71]. The unpolarized differential
cross section can be equivalently written in the compact
form:
dσ1γ
dQ2
=
piα2
2M2k2
G2M +
ε
τP
G2E
1− εT . (43)
D. Two-photon exchange contribution
The TPE correction to the unpolarized elastic lepton-
proton scattering cross section is given by the interference
between the OPE amplitude and the sum of box and
crossed-box graphs with two exchanged photons. The
TPE contribution δ2γ at leading order in α can be de-
fined through the difference between the cross section
with account of the exchange of two photons and the
cross section in the 1γ-exchange approximation σ1γ as
σ = σ1γ (1 + δ2γ) . (44)
The leading TPE correction to the elastic l−p scatter-
ing can be expressed in terms of TPE contributions to
invariant amplitudes as
δ2γ =
2
G2M +
ε
τP
G2E
{
GM<G2γ1 +
ε
τP
GE<G2γ2
+ (1− εT)
(
ε0
τP
ν
M2
GE<G2γ4 −GM<G2γ3
)}
.(45)
Note that in the forward limit (Q2 → 0) at fixed ν [31]:
δ2γ → 2
(
<G2 + m
2
ν
<G4
)
. (46)
In this work, we follow the Maximon and Tjon pre-
scription [13] for the infrared-divergent part of the TPE
contribution. We subtract the infrared-divergent term
δIR2γ [53] corresponding with the box diagram with inter-
mediate proton:
δIR2γ =
2α
pi
ln
(
Q2
µ2
)
×
{
s−M2 −m2√
Σs
ln
√
Σs − s+ (M +m)2√
Σs + s− (M +m)2
− u−M
2 −m2√
Σu
ln
(M +m)2 +
√
Σu − u
(M +m)2 −√Σu − u
}
,(47)
where Σu = (u− (M +m)2)(u− (M −m)2) and a small
photon mass µ, which regulates the infrared divergence.
According to Eqs. (27-29), the TPE correction to the
unpolarized cross section vanishes in the forward limit. In
the high-energy limit at fixed value of Q2, corresponding
with
ν →∞, 1− εT → (1 + τP ) Q
2M2
2ν2
+ O
(
1
ν4
)
,(48)
the invariant amplitudes behavior is constrained by the
unitarity according to Eqs. (34). Consequently, the TPE
correction of Eq. (45) vanishes in the high-energy limit
if the amplitudes <G2γ1 , <G2γ2 and <G2γ4 /ν vanish, which
is valid for the dispersive calculation [29], [35] and model
calculations of the proton [29], [53] and inelastic interme-
diate states [30] reflecting the odd nature of these ampli-
tudes.
The measurement of the vanishing in OPE approxima-
tion single-spin asymmetry allows to cross-check theoret-
ical TPE calculations. The asymmetry in the scattering
of the unpolarized electrons on protons polarized normal
to the scattering plane (with the proton spin S = ±Sn)
is called the target normal single spin asymmetry An
[20, 72]:
An =
dσ (S = Sn)− dσ (S = −Sn)
dσ (S = Sn) + dσ (S = −Sn) , (49)
and the asymmetry in the interaction of electrons polar-
ized normal to the scattering plane (with the spin direc-
tion of the initial electron: s = ±sn) on the unpolarized
target is called the beam normal single spin asymmetry
Bn [19, 72]:
Bn =
dσ (s = sn)− dσ (s = −sn)
dσ (s = sn) + dσ (s = −sn) . (50)
The asymmetries of Eqs. (49) and (50) are expressed
in terms of the imaginary parts of TPE amplitudes at
leading order in α as
An =
√
2εT (1 + εT)
τP
F
{
GE=G2γ1 −GM=G2γ2
G2M +
ε
τP
G2E
−1 + τP
ν
(
τPM
2GE=F2γ3 +m2GM=G2γ4
G2M +
ε
τP
G2E
)}
,(51)
Bn = −m
M
√
1 + τP
τP
√
2εT (1− εT)
×
(GE + τPGM )=G2γ4 + τPGM=
(
F2γ3 −F2γ4
)
G2M +
ε
τP
G2E
,(52)
where we introduced a kinematical factor F :
F =
√
1 + 2ε0
(
1− εT
1 + εT
)
, (53)
which is equal to 1 in the lepton massless limit.
Note that the amplitude G2γ4 introduced in Eq. (26)
appears also in the expression for the unpolarized cross
7section of Eq. (45). The contribution to An, Bn and δ2γ
which is linear in the amplitude F2γ6 vanishes [53, 73].
The amplitude F2γ6 only shows up in double polarization
observables, which are influenced by real parts of TPE
amplitudes.
In the following, we consider the polarization transfer
observables from the longitudinally polarized electron to
the recoil proton accounting for the leading TPE contri-
butions. The longitudinal polarization transfer asymme-
try is defined as
Pl =
dσ (h = +, λ′ = +)− dσ (h = +, λ′ = −)
dσ (h = +, λ′ = +) + dσ (h = +, λ′ = −) , (54)
and the transverse polarization transfer asymmetry is
given by
Pt =
dσ (h = +, S′ = S⊥)− dσ (h = +, S′ = −S⊥)
dσ (h = +, S′ = S⊥) + dσ (h = +, S′ = −S⊥) ,
(55)
with the spin direction of the recoil proton S′ = ±S⊥ in
the scattering plane transverse to its momentum direc-
tion.
The transverse polarization transfer observable Pt rel-
ative to the Born result PBornt is given by
Pt
PBornt
= 1 + δt = 1− δ2γ + <G
2γ
M
GM
+
<G2γ2
GE
+
m2
Mω
(1 + τP )<G2γ4 + τP<F2γ6
GE
, (56)
with a relative correction δt and the leading-order expres-
sion:
PBornt = −
√
2εT (1− εT)
τP
ω
|~k|
GEGM
G2M +
ε
τP
G2E
. (57)
The longitudinal polarization transfer observable Pl
relative to the Born result PBornl is given by
Pl
PBornl
= 1 + δl = 1− δ2γ + 2<G
2γ
M
GM
+
2εT
1 + εT
1
1 + aF
<G2γ3 + τP<F2γ3
GM
− 1− εT
1 + εT
1 + ωM
1 + aF
m2
M2
GE<F2γ6
(1 + τP ) τPG2M
, (58)
with a relative correction δl, and where the kinematical
parameter a is defined as
a =
√
τP
1 + τP
√
1− εT
1 + εT
. (59)
The leading-order expression is given by
PBornl =
√
1− ε2T
1 + aF
a+ F
ω
|~k|
G2M
G2M +
ε
τP
G2E
. (60)
The ratio of polarization transfer observables Pt/Pl can
be expressed as
Pt
Pl
= −
√
2εT
τP (1 + εT)
a+ F
1 + aF
GE
GM
(1 + δt − δl) .(61)
The other double polarization transfer observables At
and Al with a polarized target (in the same direction as a
recoil proton in Pt and Pl) are related to the polarization
transfer observables by
ABornt = P
Born
t , (62)
ABornl = −PBornl . (63)
The relative TPE corrections δl and δt from amplitudes
G2γM , F2γ2 , F2γ3 , F2γ4 , F2γ5 are the same for the target
polarization asymmetries and polarization transfer ob-
servables. However, the contribution from F2γ6 has an
opposite sign.
III. DISPERSION RELATION FORMALISM IN
MUON-PROTON SCATTERING
In this Section, we describe the dispersion relation
formalism to evaluate the two-photon exchange correc-
tion to all six invariant amplitudes in the elastic muon-
proton scattering, i.e., when including the lepton mass
terms. Unitarity relations allow us to unambiguously
reconstruct imaginary parts of TPE amplitudes for the
contribution of the individual channel. The resulting cor-
rection is given by a sum of all intermediate states. In
this work, we discuss the leading elastic contribution.
We reconstruct the real parts of the amplitudes which
enter the cross-section correction using fixed-Q2 disper-
sion relations. For the amplitude F4, a once-subtracted
dispersion relation is required, whereas the real parts of
G1, G2, F3 and F5 can be reconstructed using unsub-
tracted DRs. Finally, we describe the way to predict the
TPE correction δ2γ at different values of ν relying on the
known correction at some point ν0.
A. Unitarity relations
We obtain the imaginary parts of invariant amplitudes
exploiting the unitarity equation for the scattering ma-
trix S:
S+S = 1, T+T = i(T+ − T ). (64)
In the c.m. reference frame, we reconstruct the imag-
inary part of the TPE helicity amplitude =T 2γh′λ′,hλ by
the phase-space integration of the product of OPE am-
plitudes from the initial to intermediate state T 1γhel,hλ and
from the intermediate state to final state T 1γh′λ′,hel:
8=T 2γh′λ′,hλ =
1
2
∑
n,hel
n∏
i=1
ˆ
d3qi
(2pi)3
1
2Ei
(T 1γhel,h′λ′)
∗T 1γhel,hλ
(2pi)4δ4(k + p−
∑
i
qi), (65)
where the sum goes over all possible number n of in-
termediate particles with momenta qi = (Ei,qi) and all
possible helicity states (denoted as ”hel”). Unitarity re-
lations allow us to relate the imaginary part of the TPE
amplitude to the experimental OPE input in a model-
independent way.
In the following, we describe the kinematics of the
intermediate state in the lepton-proton c.m. reference
frame, as we exploit this frame relating the lepton-proton
helicity amplitudes to invariant amplitudes in Section
II B.
The unitarity relations are represented in Fig. 3 for the
elastic intermediate state.
FIG. 3: Unitarity relations for the case of the elastic interme-
diate state contribution.
For an arbitrary intermediate state with the squared
invariant mass W 2 = (p + k − k1)2, the intermediate
lepton energy ω1 and momentum |k1| are given by
ω1 =
s−W 2 +m2
2
√
s
, |k1| =
√
Σ(s,W 2,m2)
2
√
s
. (66)
For a proton intermediate state, the intermediate lepton
momentum is obtained by the substitution W → M re-
sulting in ω1 = ωcm and |k1| = |kcm|.
The lepton initial (k), intermediate (k1) and final (k
′)
momenta are given by
k = (ωcm, 0, 0, |kcm|), (67)
k1 = (ω1, |k1| sin θ1 cosφ1, |k1| sin θ1 sinφ1,
|k1| cos θ1), (68)
k′ = (ωcm, |kcm| sin θcm, 0, |kcm| cos θcm), (69)
with the intermediate lepton angles θ1 and φ1.
We also introduce the relative angle θ2 between the
3-momenta of intermediate and final leptons as
k1 · k′ = |kcm||k1| cos θ2, (70)
with cos θ2 = cos θcm cos θ1 + sin θcm sin θ1 cosφ1.
The squared virtualities of the exchanged photons
Q21 = −(k− k1)2 and Q22 = −(k′− k1)2 can be expressed
as
Q21,2 =
(
s−M2 +m2) (s−W 2 +m2)− 4m2s
2s
−
√
Σ (s,M2,m2) Σ (s,W 2,m2)
2s
cos θ1,2. (71)
Now, we discuss the unitarity relations of Eq. (65).
We follow Refs. [20, 33, 74] generalizing all expressions
to the case of massive leptons.
For the hadronic intermediate state, we include the
hadronic phase-space integration and the sum over
hadron polarizations in Eq. (65) into the hadronic tensor
Wµν and express the imaginary part of the TPE helicity
amplitude as
=T 2γh′λ′,hλ =
e4
2
ˆ
d3~k1
(2pi)32ω1
u¯(k′, h′)γµ (γ.k1 +m) γνu(k, h)
Q21Q
2
2
× N¯(p′, λ′)Wµν (p, p′, k1)N(p, λ). (72)
The imaginary parts of the invariant amplitudes are given
by relations of Eqs. (20).
The proton intermediate state contribution to the
hadronic tensor is given by
Wµν (p, p′, k1) = γ0
(
Jµp (p1, p
′)
)†
γ0 (γ.p1 +M) J
ν
p (p1, p)
× 2piδ(W 2 −M2), (73)
with the proton momentum p1 = p+ k − k1 and electro-
magnetic current Jµp from Eq. (39):
Jµp (p1, p) = GMγ
µ − F2 p
µ + pµ1
2M
. (74)
In the following, we exploit the dipole form for the proton
form factors:
GE(Q
2) =
1(
1 + Q
2
Λ2
)2 , GM (Q2) = µP(
1 + Q
2
Λ2
)2 , (75)
with the proton magnetic moment µP ≈ 2.793 and
hadronic scale Λ2 = 0.71 GeV2.
The imaginary part of the elastic contribution can be
also expressed as an integral over the product of OPE
helicity amplitudes:
=T 2γh′λ′,hλ =
√
Σs
64pi2s
∑
h˜λ˜
ˆ
dΩ1
(
T 1γ
h˜λ˜,h′λ′
)∗
T 1γ
h˜λ˜,hλ
. (76)
We will exploit Eq. (76) as a numerical cross check in
the following.
We checked that the numerical calculations of the
imaginary parts of the invariant amplitudes are in agree-
ment with theoretical predictions for the target and beam
normal single spin asymmetries An and Bn [20, 72], given
by Eqs. (51) and (52). The resulting amplitudes are in
agreement with the low-momentum transfer limit of Eqs.
(27-30). Moreover, the imaginary parts of all invariant
9TPE amplitudes are in exact agreement with the model
calculation of the proton intermediate state contribution
of Ref. [53], see Appendix D for some details.
To evaluate the dispersive integral at a fixed value of
momentum transfer Q2, we have to know the imaginary
parts of the invariant amplitudes from the production
threshold in energy upwards. When evaluating the imag-
inary parts through the unitarity relations as a phase-
space integration, it only covers the ”physical” region of
the dispersive integrand. However, the invariant ampli-
tudes also have an imaginary part outside the physical
domain as long as one is above the elastic threshold and
thus require an analytical continuation outside the phys-
ical domain. To illustrate the physical and unphysical
regions, we show in Fig. 4 the Mandelstam plot for the
elastic muon-proton scattering.
−0.3 −0.2 −0.1 0.1 0.2 0.3 ν, GeV2
0.1
0.2
0.3
0.4
Q2, GeV2
s = (M +m+m⇡)
2u = (M+m+m⇡)
2 u = (M+m)2 s = (M +m)2
FIG. 4: Physical and unphysical regions of the kinematical
variables ν and Q2 (Mandelstam plot) for the elastic muon-
proton scattering. The hatched blue region corresponds to
the physical region, the dashed green lines give the elastic
threshold positions, the dashed-dotted red lines give the in-
elastic threshold positions. The horizontal red curve indicates
the line at fixed Q2 along which the dispersive integrals are
evaluated. For Q2 & 0.4 GeV2 (Q2 & 1 GeV2) the s- and
u-channel elastic (pion-nucleon) cuts overlap.
The boundary of the physical region is given by the
hyperbola:
ν = νph ≡Mm
√
1 + τP
√
1 + τl, (77)
where τl and τP were defined after Eq. (11). Therefore,
the evaluation of the dispersive integral for the elastic in-
termediate state contribution requires information from
the unphysical region for any Q2 > 0. We perform the
analytical continuation for the elastic intermediate state
by the countour-deformation method of Ref. [29], which
was proven to be exact for parametrizations as a sum of
dipoles or monopoles and, therefore, this method is valid
in our calculation. The intersection between the back-
ward angle branch of the hyperbola of Eq. (77) and the
line s = (M +m+mpi)
2 describing the first pion-nucleon
inelastic threshold corresponds with:
Q2th =
(2M + 2m+mpi)(2M +mpi)(2m+mpi)mpi
(M +m+mpi)2
' 0.150 GeV2, (78)
(indicated by the red horizontal line in Fig. 4), where
mpi denotes the pion mass. Therefore, the kinematically
allowed momentum transfer region of the MUSE experi-
ment Q2 < 0.116 GeV2 < Q2th does not require an analyt-
ical continuation into the unphysical region for inelastic
contributions.
B. Dispersion relations
Assuming the analyticity of invariant amplitudes, we
obtain the real parts of TPE amplitudes by evaluating
dispersive integrals.
According to the high-energy behavior of invariant am-
plitudes of Eqs. (34), the odd TPE amplitude F2γ2 and
the even amplitude F2γ3 vanish in the Regge limit ν →∞,
Q2/ν → 0. Such high-energy behavior allows us to ne-
glect the contribution from the infinite contour consider-
ing the Cauchy’s theorem and to write down the unsub-
tracted DRs at a fixed value of the momentum transfer
Q2. For other odd in ν amplitudes: F2γ5 , G2γ1 , G2γ2 enter-
ing Eq. (45), the possible contribution from the infinite
contour vanishes due to the odd property under the re-
flexion ν → −ν. Consequently, we are allowed to write
down the unsubtracted dispersion relations for the odd
amplitudes Godd: F2γ2 , F2γ5 , G2γ1 , G2γ2 and for the even
amplitude F2γ3 :
<Godd(ν,Q2) = 2ν
pi
∞ 
νthr
=Godd(ν′, Q2)
ν′2 − ν2 dν
′, (79)
<F2γ3 (ν,Q2) =
2
pi
∞ 
νthr
ν′
=F2γ3 (ν′, Q2)
ν′2 − ν2 dν
′, (80)
where the imaginary part is taken from the s-channel dis-
continuity only. The elastic threshold position is given by
νthr = Mm−Q2/4, while the pion-nucleon intermediate
states start to contribute from:
νpiNthr = Mm−Q2/4 + (M +m)mpi +m2pi/2. (81)
The kinematical points of MUSE (ν = Mω − Q2/4) are
below the pion-production threshold.
According to the high-energy relations of Eqs. (34),
one cannot write down the unsubtracted DR for the even
amplitude F2γ4 . Note that the other even amplitude F2γ6
does not contribute to the unpolarized cross section at
leading order.
10
C. Subtracted dispersion relation formalism
One can apply Cauchy’s theorem for the amplitude
F2γ4 subtracted at a point ν0: F2γ4 (ν, Q2)−F2γ4 (ν0, Q2).
Deforming the integration contour to infinity, we obtain
the once-subtracted dispersion relation:
<F2γ4 (ν,Q2) = <F2γ4 (ν0, Q2)
+
2
(
ν2 − ν20
)
pi
∞ 
νthr
ν′=F2γ4 (ν′, Q2)dν′(
ν′2 − ν2) (ν′2 − ν20) .(82)
The subtraction in the dispersion relation analysis cor-
responds with the introduction of a counterterm in the
effective field theory. The counterterm near the struc-
ture u¯uN¯N and its effect on the Lamb shift in muonic
hydrogen and elastic muon-proton scattering was studied
in Ref. [75].
We have to fix the subtraction function <F2γ4 (ν0, Q2)
in order to make a DR prediction. In this work, we ex-
ploit the model result for δ2γ(ν0, Q
2) of Ref. [31], which
is expected to describe the TPE correction at small mo-
mentum transfer and energy of the MUSE experiment.
We separate the contribution from the amplitude F2γ4 to
the TPE correction of Eq. (45) as
δ2γ
(
ν, Q2
)
= δ02γ
(
ν, Q2
)
+f
(
ν, Q2
)<F2γ4 (ν, Q2),(83)
with
f
(
ν, Q2
)
=
2 (1− εT)GE
G2M +
ε
τP
G2E
ε0
τP
ν
M2
. (84)
The remaining part of the cross-section correction δ02γ is
given by
δ02γ
(
ν, Q2
)
=
2
G2M +
ε
τP
G2E
{
GM<G2γ1 +
ε
τP
GE<G2γ2
+ (1− εT)
(
ε0
τP
ν2GE<F2γ5
M4 (1 + τP )
−GM<G2γ3
)}
,
(85)
and is evaluated using unsubtracted DRs. Assuming that
the leading TPE contributions are accounted for in our
calculations, we can extract the one unknown amplitude
<F2γ4 (ν0, Q2) from the known cross-section correction
δref2γ (ν0, Q
2) as
<F2γ4 (ν0, Q2) =
δref2γ (ν0, Q
2)− δ02γ(ν0, Q2)
f (ν0, Q2)
. (86)
Using the subtracted DR of Eq. (82), we can then predict
the cross-section correction for other values of ν.
IV. RESULTS AND DISCUSSION
In this Section, we provide our predictions for the TPE
correction in MUSE kinematics within the subtracted DR
formalism.
Although we are not allowed to write down the un-
subtracted dispersion relation for the amplitude F4, it is
instructive to compare the unsubtracted DR prediction
to the model evaluations of the TPE correction since the
dispersive integral for the model calculation is conver-
gent.
In Fig. 5, we show the prediction for the elastic con-
tribution to δ2γ within unsubtracted DRs and compare
it with the box graph model calculation of Ref. [53],
which is denoted as Born TPE in Fig. 5, for one of the
MUSE beam energies. The unsubtracted DR result is
significantly below the model prediction. The difference
between both evaluations is mainly given by the ampli-
tude F2γ4 , see Appendix D for a more detailed compari-
son. Moreover, the unsubtracted DR evaluation of only
the elastic intermediate state TPE in the forward limit
yields: G2γ4
(
ν,Q2 → 0) 6= 0, in contradiction to the con-
straint of Eq. (29). Consequently, such calculation does
not satisfy the expected vanishing low-Q2 behavior of
the cross-section correction. This violation is due to the
presence of non-zero Pauli coupling in the photon-proton-
proton vertex. It generates a constant term at infinity for
the amplitude F4, which has to be evaluated by the sub-
tracted DR with a Q2-dependent subtraction function.
The latter renormalizes the effects of the momentum-
dependent Pauli coupling in a proper way. MUSE will
be able to provide measurements of the subtraction func-
tion for all three beam momenta in the kinematical region
0.0052 GeV2 < Q2 < 0.027 GeV2.
  2
 
,%
Born TPE
unsubtracted DR
k = 153 MeV
−0.5
0
0.5
Q2, GeV2
0 0.01 0.02 0.03 0.04
FIG. 5: TPE correction to the unpolarized elastic µ−p cross
section evaluated within the unsubtracted DR framework
(blue dashed curve). It is compared to the evaluation in the
box diagram model (Born TPE) shown by the black solid
curve.
In the absence of the data, we take the subtraction
point corresponding to MUSE beam energy from the to-
tal TPE estimate of Ref. [31], which simulates the anal-
ysis of forthcoming data. In the subtracted dispersion
relation approach, we account only for the leading elas-
tic TPE contribution. On the plots in Fig. 6, we show
the ratio of our TPE prediction to the model calculation
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for the total TPE correction of Ref. [31]. We notice from
Fig. 6 that in the range of the MUSE kinematics the
TPE correction for the elastic intermediate state within
subtracted DRs agrees within 10 % of its value with the
result of the near-forward model calculation.
k1 = 115 MeV
elastic, subtraction point k2
elastic, subtraction point k3
δs 2
γ/δ
2γ
1.00
1.05
1.10
Q2, GeV2
0 0.005 0.010 0.015 0.020 0.025
k2 = 153 MeV
elastic, subtraction point k1
elastic, subtraction point k3
δs 2
γ/δ
2γ
0.98
1.00
1.02
1.04
1.06
Q2, GeV2
0 0.01 0.02 0.03 0.04
k3 = 210 MeV
elastic, subtraction point k1
elastic, subtraction point k2
δs 2
γ/δ
2γ
0.96
0.97
0.98
0.99
1.00
Q2, GeV2
0 0.01 0.02 0.03 0.04
FIG. 6: The ratio of the TPE correction to the unpolarized
elastic µ−p cross section within the subtracted DR framework
to the correction of Ref. [31]. The results are shown by the
blue dashed and red dashed-dotted curves corresponding to
different subtraction points with the MUSE beam momenta:
k1 = 115 MeV, k2 = 153 MeV, k3 = 210 MeV.
In Fig. 7, we also present the absolute value of the TPE
correction for the beam energy k1 = 115 MeV, compar-
ing the model calculation with the subtracted DR pre-
dictions. We perform our analysis for the expected kine-
matical region of MUSE experiment and end our curves
respectively.
k1 = 115 MeV
subtraction point k2
subtraction point k3
total TPE, Ref. [31]δ
2γ
, %
0
0.1
0.2
0.3
0.4
0.5
Q2, GeV2
0 0.005 0.010 0.015 0.020 0.025
FIG. 7: The TPE correction to the unpolarized elastic µ−p
cross section within the subtracted DR framework is com-
pared with the model result of Ref. [31] for the MUSE beam
momentum k1 = 115 MeV.
V. CONCLUSIONS AND OUTLOOK
In this work, we have extended the fixed-Q2 disper-
sion relation formalism to the case of elastic muon-
proton scattering at low energies and evaluated the two-
photon exchange amplitudes within this approach. We
accounted for the leading elastic intermediate state. The
imaginary parts of TPE amplitudes were reconstructed
from the input of one-photon exchange amplitudes by
means of unitarity relations.
Using the dipole form for the proton elastic form fac-
tors, the real parts were evaluated performing dispersive
integrals. According to our analysis of the unitarity con-
straints, the helicity-flip amplitude F2γ4 can be constant
at infinity. Consequently, this amplitude requires a once-
subtracted dispersion relation. Unsubtracted DRs give
us all other relevant amplitudes. We have related the
subtraction function to the known value of TPE at some
lepton beam energy corresponding to MUSE setup and
predicted the TPE correction for the other planned en-
ergies. The resulting TPE contribution in MUSE kine-
matics is in reasonable agreement with a previous model
estimate of total TPE in Ref. [31], which was used to fix
the subtraction function. The developed subtracted DR
formalism can be used in the analysis of experimental
data exploiting the forthcoming measurement of TPE by
the MUSE collaboration as a subtraction point. Due to
the small contribution of inelastic excitations, the sub-
tracted DR prediction is in good agreement with the
near-forward estimate of the sum of elastic and inelas-
tic intermediate state contributions [31] within 10%.
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Appendix A: Photon-polarization density matrix
In this Appendix, we provide the photon-polarization
density matrix in the laboratory frame and discuss the
physical meaning of the parameters ε and εT, see Eqs.
(11) and (12).
The unpolarized lepton-proton scattering cross-section
of Eq. (41) is proportional to the product of the leptonic
Lµν and hadronic Hµν tensors as∑
spin
|T 1γ |2 = e
4
Q2
LµνH
µν , (A1)
with the hadronic tensor [10]:
Hµν =
1
2
∑
λ,λ′
N¯(p′, λ′)Jµp (p
′, p)N(p, λ)
× N¯(p, λ)Jνp (p′, p)N(p′, λ′), (A2)
Hµν = −
(
gµν − q
µqν
q2
)
4M2τPG
2
M
+
4PµP ν
1 + τP
(
G2E + τPG
2
M
)
, (A3)
and the leptonic tensor:
Lµν =
1
2Q2
∑
h,h′
u¯(k′, h′)γµu(k, h)u¯(k, h)γνu(k′, h′),
(A4)
Lµν = −gµν + 2k
µk′ν + k′µkν
Q2
. (A5)
Following Refs. [76, 77], we generalize the photon-
polarization density matrix in the laboratory frame to
the case of massive lepton:
ρij ≡
(
1−
(
1− 1
τP
)
δi3
)(
1−
(
1− 1
τP
)
δj3
)
× 1− εT
2
Lij , (A6)
with the transverse linear polarization parameter εT of
Eq. (12), which varies between 0 for the backward scat-
tering and 1 for the forward scattering.
The spatial components of the photon-polarization
density matrix ρij , where we align the z-axis along the
virtual photon momentum, are given by
ρ =

1+εT
2 0
√
εT(1+εT)
2τP
F
0 1−εT2 0√
εT(1+εT)
2τP
F 0 ετP
 , (A7)
with ε of Eq. (11) and F of Eq. (53).
The relative flux of longitudinal to transverse photons
is expressed in terms of the density matrix elements as
ΦL
ΦT
=
ρ33
ρ11 + ρ22
=
ε
τP
. (A8)
It is described by the photon polarization parameter of
Eq. (11).
In the following, we provide the physical interpretation
considering the proton current of Eq. (74), which is given
by
Jµp = N¯(p
′, λ′)
(
GMγ
µ − F2P
µ
M
)
N(p, λ). (A9)
We introduce an orthogonal to Pµ and qµ vector nµ:
(P · n) = 0 and (q · n) = 0. Contracting the proton cur-
rent with four-vectors qµ, Pµ and nµ, we obtain:
Jµp qµ = 0, (A10)
Jµp Pµ = GEMN¯(p
′, λ′)N(p, λ), (A11)
Jµp nµ = GM N¯(p
′, λ′)nˆN(p, λ). (A12)
Consequently, in any rest frame with collinear initial
and final proton momenta ~p || ~p ′(e.g., the laboratory
frame, the c.m.f. or the Breit frame), longitudinal pho-
tons couple to GE and transverse photons couple to GM
only. The relative flux can therefore be read off from Eq.
(43) for the unpolarized cross section as
ΦL
ΦT
=
ε
τP
. (A13)
Appendix B: TPE amplitudes in forward limit
In this Appendix, we study the forward limit of the in-
variant amplitudes beyond the OPE approximation, and
contributions with Q2 = 0 poles, exploiting the helicity
amplitudes expressions through the invariant amplitudes
of Eqs. (18). The Q2-expansion of coefficients allows us
to obtain the following ”kinematically” leading terms for
the helicity amplitudes:
T1 + T3
e2
→ 8ν
Q2
(
G2 + m
2
ν
G4
)
, (B1)
T2
e2
→ 4M
Q
m2 + ν√
Σs
G1
+
4M
Q
M2 + ν√
Σs
(
m2
M2
F4 − ν
M2
F2
)
, (B2)
T4
e2
→ −4m
Q
(
M2 + ν
)G2 + (m2 + ν)G4√
Σs
.(B3)
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The conservation of the total angular momentum, i.e.,
T2, T4(Q
2 → 0)→ 0, implies:
G1 + M
2 + ν
m2 + ν
(
m2
M2
F4 − ν
M2
F2
)
= 0, (B4)
G2 + m
2 + ν
M2 + ν
G4 = 0. (B5)
Assuming the absence of the kinematical Q2-singularity
for the helicity amplitude T1 + T3, we obtain:
G2 + m
2
ν
G4 = 0. (B6)
These equations and the conservation of the total angu-
lar momentum, i.e., T6 (Q
2 → 0) → 0, allow us to write
down four model-independent relations of Eqs. (27-30)
for the lepton-proton scattering amplitudes in the for-
ward limit beyond the contributions with Q2 = 0 pole.
The following relations between amplitude pairs are
valid:
νF2
(
ν,Q2 = 0
)−m2F4 (ν,Q2 = 0) = 0, (B7)
M2F2
(
ν,Q2 = 0
)
+m2F5
(
ν,Q2 = 0
)
= 0. (B8)
It is instructive to relate six non-forward lepton-proton
amplitudes in the forward limit to three forward scatter-
ing amplitudes [67]. G2γM
(
ν,Q2 = 0
)
and F2γ6
(
ν,Q2 = 0
)
in the forward limit are directly related to the forward
helicity-flip amplitudes f2γ− , g
2γ of Ref. [67], which are
expressed as integrals over the proton spin structure func-
tions, by
G2γM
(
ν,Q2 = 0
)
=
f2γ− (ω)
e2
, (B9)
F2γ6
(
ν,Q2 = 0
)
= −M
m
g2γ(ω)
e2
. (B10)
Consequently, accounting for the four low-Q2 constraints
of Eqs. (27-30) all TPE amplitudes in the forward limit
can be reconstructed from the experimental data on the
proton spin structure.
In order to obtain the spin-independent forward ampli-
tude f2γ+ [67], one should subtract the leading singular in
Q behavior coming from the scattering of two point-like
charges, see Ref. [31] for exact expressions. 2 The formal
limit is given by
f2γ+ (ω) ≡
T1 + T3
2
(
ν, Q2 → 0)→ 4νe2G2γ2 + m2ν G2γ4
Q2
= 2νe2
δ2γ(ν,Q
2)
Q2
∣∣∣∣
Q2→0
, (B11)
2 The TPE contribution to the unpolarized helicity amplitude has
no simple limit and scales as (T1 + T3)
2γ ∼ Q−1 at low Q due to
the leading contribution from the scattering of two point charges.
where the second term is the Q2 → 0 behavior of δ2γ ,
see Eqs. (45) and (46). The amplitude f+ at threshold
(ω = m) determines the leading in α TPE contribution
to the Lamb shift of S-energy levels. We checked, that
the particular contribution of the subtraction function in
the forward doubly virtual Compton scattering [78] (as
well as modelling it by the exchange of a σ-meson [79])
is obtained from the TPE correction to the unpolarized
cross section [31] (σ-meson exchange contribution [54])
exploiting Eq. (B11).
Appendix C: TPE amplitudes in high-energy limit
In this Appendix, we study the high-energy limit, cor-
responding to ν →∞, of the invariant amplitudes beyond
the OPE approximation, exploiting the invariant ampli-
tudes definitions of Eqs. (20, 23-26). The leading terms
in the high-energy expansion are given by
e2GM = T1 − T3
2
, (C1)
e2F2 → −MQ
2ν
T2 − m
2
ν
M
m
T5 − T6
2
+
M2m2
ν2
Q
2m
T4 +
M2Q2
4ν2
T3, (C2)
e2
νF3
M2
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2
+
Q2
4ν
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2
− MQ
2ν
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2
ν
M
m
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2
+
m2
ν
Q
2m
T4, (C3)
e2F4 → −MQ
2ν
T2 − M
m
T5 − T6
2
+
M2
ν
Q
2m
T4, (C4)
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M
m
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2
− Q
2m
T4 − Q
2
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T3,
(C5)
e2F6 = −M
m
T5 + T6
2
, (C6)
e2G1 → Q
2
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2
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2ν
T2 − τPM
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Q
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2
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2
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e2G3 → −T1 − T3
2
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Q2
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2
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2ν T2
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Q
2mT4
1 + τP
. (C10)
The unitarity bounds were investigated in detail for the
short-range interaction and can be strictly applied to the
14
hadronic line only. We assume them to be valid in our
process. The forward unpolarized helicity amplitude A
is constrained by the unitarity condition: A . ν ln2 ν,
which is known as a Froissart bound [80]. 3
The amplitude F6 is determined by T5 +T6 and corre-
sponds to the exchange of a pseudoscalar particle:
e2F6 = −M
m
T5 + T6
2
< ln2 ν, (C11)
which allows us to write down the unsubtracted DR for
this amplitude. As the leading high-energy behavior in
the Regge limit is expected from the pomeron, it corre-
sponds with no flip of the proton helicity.
We therefore assume for the proton non-spin-flip am-
plitudes T1 + T3 and T4:
T1 + T3, T4 . ν ln2 ν, (C12)
and that other amplitudes are suppressed by some power
of ν:
T5 − T6, T2 . νψ ln2 ν, (C13)
T1 − T3 . ln2 ν, (C14)
with ψ < 0, which leads to the ψ-independent constraints
of Eqs. (34).
Appendix D: Hadronic model vs dispersion relations
In this Appendix, we compare the unsubtracted dis-
persion relation approach to the hadronic model evalua-
tion [18, 53] of the proton intermediate state contribution
to TPE amplitudes as well as to the unpolarized cross
section. We study separately contributions whether FD
or FP form factors, see Eq. (39), enter photon-proton-
proton vertices. We denote the contribution with two
vector couplings by FDFD, two tensor couplings by FPFP,
and the contributions from the mixed case by FDFP, see
Fig. 8.
We provide the unsubtracted DR prediction for δ2γ in
terms of different vertex structures in Fig. 9 and compare
it with the box graph model results [53].
The contribution from the FDFD vertex structure in
the unsubtracted DR formalism is the same as in the
box graph model. In contrast to the model calculation,
the negative contribution from the FPFP vertex structure
cannot be neglected in the unsubtracted DR formalism
due to the sizeable difference in FFPFP4 amplitude. The
contribution from the FDFP vertex structure in the un-
subtracted DR evaluation is negative as opposed to the
3 The generalization to the case of amplitudes at a fixed Q2 was
performed in Refs. [81, 82]. However, the choice between the
latter and the Froissart bound does not change qualitatively the
high-energy and dispersive analysis of invariant amplitudes.
box graph model. The amplitude F2γ4 is the main source
of the difference between two approaches.
FIG. 8: Different contributions to the proton box diagram,
depending on the different virtual photon-proton-proton ver-
tices. The vertex with (without) the cross denotes the con-
tribution proportional to the FP (FD) FF. The different dia-
grams show the FDFD (upper left panel), FPFP (upper right
panel) and FDFP (lower panels) vertex structures.
The resulting amplitudes in the box diagram calcula-
tion are in agreement with the low-momentum transfer
limit of Eqs. (27-30) separately for contributions from
FDFD, FDFP and FPFP vertex structures.
Besides the model with dipole form factors of Eqs.
(75), we performed a calculation treating the proton as
a point-like particle, e.g.:
GE(Q
2) = 1, GM (Q
2) = µP . (D1)
Now, we compare the results for real and imaginary
parts of amplitudes in case of FDFD, FDFP and FPFP
vertex structures in the proton model with dipole and
point-like FFs. For imaginary parts, the unitarity re-
lation calculation and the box graph evaluation are in
perfect agreement, since only on-shell information enters
the evaluation by both methods.
By comparing the DR results for real parts with the
loop diagram evaluation for FDFD vertex structure (for
the sum of direct and crossed box diagrams), we found
that all amplitudes are the same in both calculations.
Also the real parts of the amplitudes
G2γ1 , G2γ2 , G2γM , F2γ2 , F2γ3 , F2γ5 in the box graph
model in case of FDFP vertex structure are in agreement
with the unsubtracted DR results. However, the unsb-
tracted DRs for the amplitudes F2γ4 , F2γ6 in the model
with point-like proton do not converge (as well as for
the FPFP vertex structure), while the dispersive integral
for the amplitude F2γ4 − F2γ6 converges. Moreover, the
result for real parts of the amplitudes F2γ4 , F2γ6 in the
box graph model with dipole form factors is shifted by a
constant from the result of unsubtracted DR approach.
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FIG. 9: TPE correction to the unpolarized elastic µ−p cross
section evaluated for three nominal muon beam momenta
within the unsubtracted DR framework. The total correc-
tion is shown by the blue dashed curves, the contribution
from the FDFD structure of photon-proton-proton vertices is
shown by the red double-dotted curves, the contribution from
the FDFP structure by the green dashed-dotted curves, and
the contribution from the FPFP structure by the black dot-
ted curves. For comparison, the evaluation in the box diagram
model (Born TPE) is shown by the solid black curves.
Consequently, the real parts of the amplitudes
F2γ4 , F2γ6 in case of FDFP vertex structure are in agree-
ment between two types of evaluation if one uses the
once-subtracted DR (the amplitudes F2γ4 , F2γ6 are ultra-
violet (UV) finite in the model with point-like proton).
In case of FPFP vertex structure, the unsubtracted DRs
reproduce the box diagram model results for the am-
plitudes G2γ1 , G2γ2 , F2γ2 , F2γ5 . While the results for
real parts of the even amplitudes F2γ4 , F2γ6 and F2γ3
(the odd amplitude G2γM ) are shifted by a constant (lin-
ear in ν function). The amplitudes G2γM , F2γ3 , F2γ6
are UV divergent in case of the point-like proton with
the following relations between the UV-divergent pieces:
M2GUVM = −νFUV3 = νFUV6 . Moreover, the amplitudes
<GM and <F3 violate unitarity in case of FPFP vertex
structure in the model with point-like proton, while the
unitarity constraints of Eqs. (34) are valid for FDFD and
FDFP vertex structures. Reconstruction of real parts
within dispersion relations is consistent with unitarity
constraints on the high-energy behavior.
All real parts of the TPE amplitudes in the box graph
model are reconstructed using once-subtracted DRs. The
three amplitudes G2γ1 , G2γ2 , F2γ5 among the five TPE
amplitudes, which are required for the evaluation of the
cross-section correction by Eq. (45), are reconstructed
in the box graph model within the unsubtracted DRs.
The DR analysis for the even amplitudes F2γ3 , F2γ4 , F2γ6
agrees with the box graph model only performing one
subtraction. Fixing the subtraction constant to the
hadronic model calculation, the Born TPE is reproduced
by the subtracted DR analysis of Section III C up to
5 × 10−4 relative accuracy level in the kinematics of
MUSE. The remaining difference comes from the ampli-
tude F2γ3 .
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